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This paper introduces a mathematical model which describes the dynamics
of the spread of HIV in the human body. Human immunodeficiency virus
infection destroys the body immune system, increases the risk of certain
pathologies, damages body organs such as the brain, kidney and heart or
cause the death. Unfortunately, this infection disease currently has no cure to
control the diseases. We propose a fractional order model in this paper to
describe the dynamics of human immunodeficiency virus (HIV) infection. The
Caputo fractional derivative operator of order a € (0,1]is employed to
obtain the system of fractional differential equations. The basic reproductive
number is derived for a general viral production rate which determines the
local stability of the infection free equilibrium. The solution of the time
fractional model has been procured by employing Laplace Adomian
decomposition method (LADM) and the accuracy of the scheme is presented
by convergence analysis Moreover, numerical simulation are performed to
study the dynamical behavior of solution of the models. Simulations of
different epidemiological classes at the effect of the fractional parameters «
revealed that most undergoing treatment join the recovered class. The
results show the both viral production rate and death rate of infected cells

play an important role the disease in the society.

© 2018 The Authors. Published by IASE. This is an open access article under the CC
BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

1. Introduction

Human Immunodeficiency Virus (HIV) is
responsible for AIDS which belongs to family of
retroviruses. In United States during 1980s first case
of immune deficiency syndrome occurred among
homosexual men. Human immunodeficiency virus
identified during 1983 by the etiological agent which
is caused AIDS disease (CDC, 1999a-f). Another way
of spreading HIV through sexual contact within the
closed network among injection drug users, which
are characterized by multiple sex partners,
unprotected sexual intercourse and exchange of sex
for money (Friedman et al,, 1995). The inclusion of
alcohol and other non-injection substances to this
lethal mixture only increases the HIV/AIDS caseload
(Grella et al, 1995; Word and Bowser, 1997). A
major risk factor for HIV/AIDS among injection drug
users is crack use; one study found that crack
abusers reported more sexual partners in the last 12
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months (Word and Bowser, 1997; Gao et al., 1999;
Zhu et al., 1998).

The virus HIV is a reason for spread the AIDS and
it is considered by severe decreases in CD4+T cells,
which means a person who catch this disease grows
a weak immune system and becomes susceptible to
contracting life-mortal infections. AIDS occurs late in
HIV disease. Many countries are strictly noticed HIV
cases now and get the positive results against the
infection in the early stages and because counting
only AIDS cases is no longer satisfactory for
projecting trends to pandemic (CDC, 1993; 1998).
Since in recent years fractional calculus has attracted
great attentions from researchers and different
aspects of the said subject is under consideration for
research. This is due to the fact that fractional
derivative is important tool to explain the dynamical
behavior of various physical systems. The strength of
this differential operator is their nonlocal
characteristics which do not exist in the integer
order differential operators. The distinguished
features of fractional differential equations are that
it outlines memory and transmitted properties of
numerous mathematical models. As a fact, that
fractional order models are more realistic and
practical than the classical integer order models.
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Fractional order derivative produces greater degree
of freedom in these models. Arbitrary order
derivatives are powerful tools for the discretion of
the dynamical behavior of various biomaterial and
systems. The most iterating feature of these models
is their global (nonlocal) characteristics which do
not exist in the classical order models (Arruda et al.,
2015).

Laplace transform method is a useful technique in
different field of biological science, engineering and
applied mathematics. The coupling of ADM and
Laplace transform leads to a powerful method
known as Laplace Adomain decomposition method.
With the help of Laplace transform, we convert a
differential equation to an algebraic equation and the
nonlinear terms are decomposed in terms of
Adomain polynomials. The given numerical
technique works powerfully for a system of
deterministic as well as stochastic differential
equations. More unambiguously, it can be used for
classical as well as fractional order system of linear
and nonlinear ordinary. Further it has no need of
pre-defined step size like RK4. Also, this method
does not depend upon on a parameter like needed
for homotopy perturbation method (HPM) and
homotopy analysis method (HAM). Although the
solutions obtained vis this method are the same as
obtained by ADM, for detail see (Haq et al., 2017;
Jafari et al.,, 2011a;b; Zhu et al.,, 1998).

2. Mathematical model

In model formulation of HIV we uses different
variables here x represents the compartment of
susceptible cells (i.e, the compartment of those
individuals which are not infected an able to catch
the disease), y compartment represents the already
infected cells, v represents the free viruses in the
body, z represents the defense cells (CD8+T and B)
and z, corresponds to the activated defense cells
(Jafari et al,, 2011a). The system is given as

dx

&= Ay — X — Byv (1)
% = Boxv — pyy — PyyZ, (2
% = koltyy — v — RvZ, (3)
& = dy — Hy7 — Brzv 4)
Ze = Bav — 1,7 (5)

dt
with initial conditions:
x(0) =55, y(0) = 0,v(0) = vy, 2(0) = £ ,,(0) = 0 (6)
Here uninfected cells x are formed at a constant
supply rate 4, and decay at rate p,. These cells are
infected by the free viruses at rate f,. As for the
infected cells y, they are produced from the
interaction of their uninfected counter parts and the
viruses at rate 8, decay at rate u, and are reduced
by the activated defense cells at rate B,. Free viruses
v are made from infected cells at rate k,, decay at
rate y, and are eliminated by the means of the
activated defense cells z, at rate P,. The defense
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cells, in turn are generated at a constant rate 4,, and
decay at rate u, and activated by the viruses at rate
B,- The activated defense cells are generated from
the defense cells in the presence of the virus, at rate
B, and decay at rate p,.

The purposed model of HIV in fractional
differential equation (FDESs) is as follows

D%x(t) = Ay — pxx — Bvxv (7)
DaZY(t) = ﬁvxv_ﬂyy_PyyZa (8)
D%v(t) = kypyy — wyv — BvZ, (9)
D%z(t) = A, — U,z — B,zv (10)
D%z (t) = Brzv — Uy2q (11)

with following initial conditions

let x(0) = N;,y(0) = N,,v(0) = N3,2(0) = Ny ,2,(0) =
N (12)

For this model the initial conditions are not
independent, since they must satisfy the condition
N;+ N, + N3+ N, + N; =N where N is the total
population in the system.

3. Preliminaries

In this section, we give some fundamental results
and definitions from fractional calculus. For detailed
over view of the topic readers are referred to (Haq et
al, 2017; Johnston et al., 2016; Jafari et al,, 2011a;
2011b).

Definition 3.1: The Riemann-Liouville fractional
integration of order « is defined as:

UE)©® =2 [t =9 f(s)ds,
e H® =f@®

The Riemann-Liouville derivative has certain
disadvantages such that the fractional derivative of a
constant is not zero. Therefore, we will make use of
Caputo's definition owing to its convenience for
initial conditions of the fractional differential
equations.

a>0,t>t

Definition 3.2: The Riemann-Liouville fractional
integration of order « is defined as:

Def(t) = D"(JV e f (1)),
DEf(t) = ™ *(D"f(1)),

where n—1<a<a<nneN,f is the given
function, It is known that (]tgf)(t) - f(t)asa - 1.

Definition 3.3: The definitions of Laplace transform
of Caputo's derivative and Mittag-Leffler function in
two arguments is written as

L{D*f(t)} = s®F(s) — Xy s 1 f1(0), n-1<

a<nneN
4. Mathematical analysis

Disease Free Equilibrium: To evaluate the
equilibrium point, we take

D%x(t) = D%2y(t) = D%v(t) = D%z(t) = D% (2),(t) =
0 (13)
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When naturally, the disease die out then the
solution of the above system asymptotically
approaches a disease free population or equilibrium

is of the formi.e, E, = (x,y,v,2,2,) = (i—x,0,0,i—z, 0).

Theorem 4.1: The disease-free equilibriumgkjis
locally asymptotically stable if Ry < 1 and is unstable
otherwise (Arruda et al.,, 2015).

Reproductive number: In this system the
threshold result of this equilibrium is Ry = —AZE Zk"
XHv

1, so this is in disease free state.
Non negative solution: Let R} = {w € R°>,w > 0}

and w(t) = (x(t),y(©), v(t), z(t), (D).

Lemma 1: Let h(x) € C € [a,b] and D%*h(x) €
C[a,b] for 0 < a <1 then, we have h(s) = h(a) +

1 a N
(a+1)! D*h()(x — a)* with 0 <n < w for all

(a, b].

w E

Theorem 4.2: There is a unique solution for the
initial value problem given by (7)-(11), and the
solution remains in R5,w = 0.

Proof: The uniqueness and existence for the solution
of (7)-(11), in (0, @). Our aim is to show the domain
R5,w>0is positively invariant. Since

D%x|y—p = Ax =0
Dylymg = forv 20
D%vlyz = kypyy =20

D%z|,p= 1, >0
Das(z)a|(z)a=0 = ﬁZZU =0

The nonnegative solution satisfied the vector field
points intoR3.

5. The Laplace-Adomian decomposition method

Consider the fractional-order epidemic model (7)
- (11) subject to the initial condition (12). The
nonlinear terms in this model is xv, yz,, vz,, zv and
Ax'ﬂx 'ﬂv ,,Lly lekv » My IPVI:UZ'AZ'BZare known
constants. Foray =a;, =az3=a,=as =1 the
fractional order model converts to the classical
epidemic model. By using Laplace transform on
system (7) - (11), we get

L{D%x ()} = A L{1} — peL{x} — By L{xv} (14)
L{D%y ()} = ByL{xv} — uyL{y} — P, L{yza} (15)
L{D*v(t)} = kvL{ﬂyy} — Uy L{v} — B,L{vz,} (16)
L{D%z(t)} = 2,L{1} — u,L{z} — B,L{zv} (17)
L{D%z,(0)} = B,L{zv} — p,L{z,}. (18)
Using property of Laplace transform, we get

UL = $971x(0) = 5 = el ) — B, L{xv) (19)

S%L{y} = S%71y(0) = ByL{xv} — uyL{y} — P,L{yZ,} (20)
S*L{v} — Sa3—1v(0) = kvL{.uyy} — wL{v} — BL{vZ,}

(21)
(22)

S%L{z} — §*712(0) = ——HZL{Z} B-L{zv}
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§%5L{zq} — S%124(0) = B,L{zv} — p,L{zg}. (23)
Using initial conditions we have:

Loy =504 2 B - By (24)
Ly} = y(°)+j;L{xv} L Ly) - 2 Lyz,) (25)
L} =" s%L{uyy}—ﬁL{v}—szL{vza} (26)
Ly =20 +2 2207y - B (20} @7)
Liz a}—Z“T@ Lo L{zv} - 22 L{z,). (28)

The method assumes the solution as an infinite
series:

X = Z]?:oxk 'y = Z}?:o}’k V= Z)oco:ovk ,Z =
[ee] [ee]
Yk=02k 1Za = Lk=0(Za)k

The non-linearity xv,yz,,vz,,zv are decomposed
as:
Yk=0Cr ,2v =

_ oo _ o _
XU = Zk:OAk 1YZa = Zk:O Bk yVZg =

Y=o Dk

where Ay, By, Cy, D
polynomials given as:

are so called Adomian

k

"=%% DYRYIETD A O’UUJHA o
1 dk

Bk = |[2] Ol]y]Z] OA](Za)J”

ark | [Zf—o /1117]- Zj—o M(zg) ]|

k= k‘ d/lk [Zk 0)L Z] Zk Oljv]]l

now from equation the required result is:

L{xg} =2 + sai -, L{x} = —STIL{XO} -
L L{Agh o Llras) = — L 1) - LAy
(29)
Liyo} =", L{y,} = ‘f;L{Ao} - L{yo} -
2 L{Bo} L} =22 L{Ak} - 2Ly} — 2 L{By}
(30)
Lve} =2, L{n,} =222 L{yo}— L{vo} -
e L{Co} L{Vk+1} L{yk} — L2 v} — 25 L{Ck}
(31)
Lzo} =" + 25, Lz} = ——L{ZO} -
L2 1{D}, ., Lz} = = 22 L{z} - L2 LDy
(32)
L{(Zao} =2 L{(Zo)1) = ££ Loy -
22 1{(Za)o) o LUZoDier1} = ZE LD — L2 L{(Za)e}
(33)

The aim is to study the mathematical behavior of
the solution x(t),y(t),v(t),z(t),z,(t) for the
different values of a. by applying the inverse Laplace
transform to both sides of above equations. We
computed the first three terms:

x0—1000+20 .,yO—O vy =1073,2, = 500 +

20. 20 . 2 (Z)o =0
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Y = 20.000024t*1  0.40000048t2%1 _ 24Xx1075t%2
1 (@, +1) TCa,+1) V1= T
4.8x1077t%1+a2 v = 2.4x1073t%3

Mg +a,+1) * L (a3 +1)
- 20.0000025t%  0.800000¢2%4 (Za) _ 2.5x107°t%s
1 T(a,+1) rQas+1) ’ a’i [(as+1)
0.40000048t%4+4%s

I'(as+as+1)

0.400000528t2%1  9.60801153t3%1 = 576x1075t%1+a3
Xy =
ra;+1) r(3a;+1) M'(a,+az+1)

1.152x107%(a, +a3)!t2%1+a3
ajlazT(2a;+az+1)

_ 5.76X1075t%2*t¥3  5.76x107°t2%1
Y2 = T et T (2a;+1)
1.152X1070(aq +a3)!t®1+%2+@3  4.48x1077t%1+%2
al!ag!F(a1+az+a3+1)l"(a3+1)_ M(a,+a,+1)
9.60001152x10%¢2@1+a2

1.152x1077t%1+2¢2
I'(ai+2a,+1)

rRa;+ay+1)
2.0736x1073t%2%43  576x1073t293  5x10”11¢¥3+as
v, = -
[(ay+az+1) r2az+1) ['(az+as+1)
4.1472x1075t¥1+az+az 2y q0T12p@3tastas
I'(ay+a,+az+1) T(az+az,+as+1)
_0.8000011t2*4  0.032000008 t3%4
27 TQa,+1) T(3ay+1)
2.4X1077 (az+a,)'t¥3 120 gx1070t¥3+¢4
azlas'T(az+2a,+1) T(az+a,+1)
(Z) = 6X107°t*3%%5  4,0000005x107° ¢2*4¥as
a2 7 ragtas+1) FQRa,+as+1)
2.4x1077 (az+a,)t¥3+aatas  1x107 7%t 1x1077¢2%5
azlaz'T(az++a,+as+1) I'(as+a,+1) ras+1)

4% 10—9 ta4+2a5

T(az+2as+1)

The series solution for fractional order differential
equation is as follows:

0.000024t%1  4.8x1078t2%1  9,60801153t3%1

=1 -
X(t) 000 I'(a,+1) r2a,;+1) r(3a;+1)
5.76X1075t%1+43  1,152x107%(a; +a3)!t2%1+a3 (34)
I'(a+asz+1) ailaz'TQay+az+1)

_24x1075t%  9.28x1077¢t%1*%2  576x10”5¢%2*43

t = —
YO =0 M@ ta+D) M@y tas+l)
5.76X1070t2%1  1.152x1077t¥1+242

r2a,;+1) I(ai+2a,+1)

1.152x1070(a, +a3)!t*1+%2+23  9,60001152x10~%¢2%1+a2

35
ailas'T(a+a+az+1)I(az+1) rRa;+a,+1) ( )
_ 24x1073t%3  2.0736x1073t%2+a3
v(t) =103 —
['(az+1) I'(ay+asz+1)
5.76X1073t2%3  5x10711t¥3+45  4.1472x105t*1taztas
r2az+1) I'(az+as+1) I(a+a,+asz+1)
2x10-12¢aztastas
S (36)
I(az+az+as+1)
t*  20.0000025t%4  1.1x1070t%%4
z(t) =500+ 20.20— — -
a,! T(ay+1) I'(2as+1)
0.032000008 t3%  24x1077(az+a,)!t*3+2%4  6x10 0t*3+a4a
Ir(3a,+1) azlas'T(az+2a,+1) [(az+a,+1)
(37)
_2.5x107°t*s  0.40000048t%4%%s  0.8000011¢2%4
() () = 2 —
as+1) T(as+as+1) I'(2as+1)
0.032000008 t3%  24x1077(az+a,)!t*3+2%4  6x10 0t*3+a4a
I(3a,+1) azlas'T(az+2a,+1) [(az+a,+1)
(38)

Table 1 is parameter which used in the model and
given in (Arruda et al,, 2015)

6. Numerical results and discussion

The numerical results of susceptible cells,
infected cells, free virus in a body, defense cells and
activated defense cells are established by using
LADM. To observe the effect of parameters suing in
model and given in Table 1 with initial conditions
(0) = 1000mm, y(0) =0, v(0) = 107 3mm, z(0) =
500 mm, Z,(0) = 0. For the reliable investigation,
evaluation is made for different values of a. From
Figs. 1-5, we observe that fractional order HIV
Immunology model has more degree of freedom as
compared to ordinary derivatives.

Dynamical behaviour of HIV

11000 r r
— =b.=1
10000 61704
_¢1:¢3:0'9
9000 T
@ ¢1_¢3_0'8
] H
= 8000 —— $,70,70.7,
2 7000 /
o)
>
g 6000 /
°° /
£ 5000 A
K%)
8 4000 / /
= 7 o
% 3000 /
o / -~
3) /
2000 Qé#f#f
_.—-.-_F.;;é’—"'_—'-’
1000
0
0 2 4 6 8 10 12 14 16
Time (days)

Fig.1: Numerical solution for susceptible cells x(t) in a time t (days) at different values of
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x 10° Dynamical behaviour of HIV
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Fig. 2: Numerical solution for Infected cells y(t) in a time t (days) at different values of

x 10° Dynamical behaviour of HIV
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Fig. 3: Numerical solution for free virus in a body v(t) in a time t (days) at different values of «

By taking non-integer values of fractional
parameter, remarkable responses of the
compartments of the proposed model are obtained.
Another remarkable point to be considered that we
used small interval of time because we have
assumed comparatively small initial values. For large
interval of time, the initial values to data are taken
large so that the population may not be negative. For
different values of a solution converges to steady
state and gives the better convergence by decreasing
the fractional values of a.

7. Convergence analysis

The obtained series solution is rapidly
convergent and also converges uniformly to the
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exact solution. We use the classical techniques to
verify the convergence of the series (34-38). We
check the condition of convergence of the method by
using the idea of the following theorem (Abdelrazec
and Pelinovsky, 2011; Naghipour and Manafian,
2015).

Theorem.7.1: Let W be a Banach space and F: W —
W be a contractive nonlinear operator then there
exit w,w €W, ||[Fw)—FW)|| <k|w—-w'|,0<
k < 1. Then F has a unique point w such that, Fw =
w where w = (x(t),y(t),v(t),z(t), za(t)). The series
given in (34-38) by using ADM technique is given as:

— — yn-1 —
Wy, =TWy_1 ,Wp_q = ijl w; ,n=123,..
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and suppose that w, € B.(w) where B.(w) = {w' €
W:|lw" —w|| < r}then we get

(i) w, € B.(w)
(i) limw, =w

Proof: For (i) by using mathematical induction for
n=1, we obtained

llwo —wll = IF (wo) — F()Il < kllwo —wll

suppose that the statement is true for M —1 then,

llwo —wll < k™ Hiwg — wll

we get

Wi = wll = ||F(Win-1) = FO| < Kllwm_y —wll <
k™ llwo — wl|

Wy, = w|| < k™|lwog —w|| < k™r <Tr

which implies that w,, € B.(w)

(ii) Since
Wy, — wll < k™|lwy — w]|| and lim k™ =0
n—-oo

therefore, we have the lim|w,—-w|=0=
n—-oo

lim w, =w

n—oo

Dynamical behaviour of HIV
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Fig. 4: Numerical solution for defense cells z(t) in a time t (days) at different values of
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x 10 Dynamical behaviour HIV
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Fig. 5: Numerical solution for activated defense cells z, (t) in a time t (days) at different values of «

8. Conclusion

In this paper, we developed a scheme for
numerical solution of epidemic fractional HIV
Immunology model by using Laplace Adomian
decomposition method. The well-known epidemic
model namely susceptible cells, infected cells ,free
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virus in a body, defense cells and activated defense
cells is considered with and without demographic
effects. The model represents population dynamics
during the disease as a set of non-linear coupled
ordinary differential equations. There is no exact
solution available in the literature for this model up
to the best of author’s knowledge. It is observed that
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the infection rate and reproductive numbers play a
key role for an epidemic to occur and the epidemic
can be controlled by vaccination. It is also observed
that to eliminate the disease, it is not necessary to
vaccinate whole of the population. The efficiency and
accuracy of the proposed scheme is provided by
performing convergence analysis. The effect of
fractional parameter on our obtained solutions is
presented through Tables and graphs. It is worthy to
observe that fractional derivatives show significant
changes and memory effects as compared to
ordinary derivatives.

Table 1: Parameters values of HIV model

Parameters Values Parameters Values

Uy 0.02 B, 5x 107
Uy 0.24 By 24x107°
Uy 2.4 Py 0.02
Uy 0.04 Dy 0.02
k, 360 Ay 20

A, 20
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